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MARKING KEY 2 MATHEMATICS: SPECIALIST 3C/3D
CALCULATOR-FREE
Section One: Calculator-free (50 Marks)
Question 1 (6 marks)
(a) Evaluate [ sinx| dx. (3 marks)
Solution
A a
[ |sinx|dx=2]sinxdx
- 0
=2 [— cos x]:)r
=2 [1 - (—1)]
=4
Specific behaviours
v" removes the modulus signs using the symmetry of the integrand
v' integrates trigonometric function correctly
v'evaluates and simplifies
(b) Determine f6xze*3*9dx ) (3 marks)

Solution

If we substitute z=x"+9 so that % =13x?, it follows that
X

3 3
j'6x2ex +9 dx=[2e" du=2e" +c=2¢" P ic

Specific behaviours

v identifies the appropriate substitution
v integrates correctly
v'_includes an arbitrary constant

See next page
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Question 2 (8 marks)

10
Let the 2x2 matrix 4 = [1 1 } )

(@) Evaluate 42 and 4°. (2 marks)

= s ]
i |G

Specific behaviours

Solution

v correctly evaluates 4°
v’ correctly evaluates A

(b) Given your answers to (a), conjecture the form of the matrix 4” where » is a positive
integer. Use proof by mathematical induction to establish the truth of your conjecture.
(4 marks)

Solution

From the form of the answers in (a) it is reasonable to assert that A" ={ 1 (1) }
1]

Forn=1 we have Az{ i (1] }

Assume result true for =% so that A* ={ ]16 (1) }

Then necessary to prove the result for n=%+1; i.e. need to prove A" ={ Lo }

k+1 1
ol . 1 0|1 O 1 0 ,
Now A" = A" A= = , as required.
kK 1]11]1 1 k+1 1

Shown to be true for n=1 and as the truth for =k implies the result for n=%+1 it
follows that the conjecture is true for all positive integers.

Specific behaviours
makes an appropriate conjecture for the form of A" given the answers to Part (a)
states that the conjecture holds for »=1 and writes statement for n = £.
proves case for n=k+1
deduces the truth of the results for n=1,2,3..... etc

A NANEA NN

See next page



MARKING KEY 4 MATHEMATICS: SPECIALIST 3C/3D
CALCULATOR-FREE

(€)

Determine the effect of applying the matrix 42 to the rectangle with vertices (1,0), (3,0),

(3,1) and (1,1). What type of transformation does the matrix 4° represent?

(2 marks)

Solution

1 0(|1 3 3 1 I 3 3 1
As = ,

2 1110 0 1 1 2 6 7 3
so the new vertices are (1, 2), (3, 6), (3, 7) and (1, 3).
These are the vertices of a parallelogram.

It follows that the matrix operates as a shear of factor 2 parallel to the y-axis.

Specific behaviours

v correctly determines the image vertices (or states it is a parallelogram)

v recognises the transformation as a shear with direction and scale stated
correctly

See next page
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MARKING KEY

Question 3

(@)

Evaluate J‘% 6sin 3x — 8cos 2x

dx.

,  COS3x + 2sin 2x

MATHEMATICS: SPECIALIST 3C/3D

(7 marks)

(3 marks)

Solution

If we substitute #=cos3x+2sin2x then the integral becomes

———dx
-0 udx

~1+3 _
= | —2du

1 u
=[-2In u];HJ5

= 2In(-1++3)

3 6sin3x —8cos2x 3 2du
] v =
o €os3x+2sin2x x=

Specific behaviours

ASANEN

OR
v

v
v

uses an appropriates substitution
changes the limits
follows through correctly with the integration

1
recognises [— du integral
u

substitutes the limits correctly
integrates correctly

See next page



MARKING KEY 6

(b)

Use the substitution # = Inx to determine

I\llnx+ln\/)7 dx |
X

MATHEMATICS: SPECIALIST 3C/3D
CALCULATOR-FREE

(4 marks)

Solution

If #=1nx then @:l and
x

e

(Inx)2 +%(ln x)+c

Specific behaviours

recognises that Invx = %u

accurately substitutes for u into integrand
integrates correctly

ANENENEEN

expresses answer in terms of x

See next page
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MARKING KEY
Question 4 (6 marks)

In the triangle ABC the sides BC and AC have midpoints M and N respectively. Lines

perpendicular to these sides are drawn through their respective midpoints and intersect at the
point O.

— —> —
Denote the line segments O4 =a, OB =band OC =c.

(@) Express (ﬁ\f in terms of a and ¢ and ()_A)/[ in terms of b and c. (1 mark)

Solution

—_—

1
ON=—(c+a
S(e+a)

Similarly OT/fz%(c + b),

Specific behaviours
v states ON and OM correctly

(b) Show that |a|=|b|=|c|. (2 marks)

Solution

Since OM and ON are perpendicular to BC and AC respectively,
.’.O—MOB—C:%(C + b)e(c - b)=0and OTVOR’:%(C +a).(c-a)=0.

Hence |c|?—|b?*=0and |c|*—[a]* =0, .. |a] = |b| = |c|.

Specific behaviours

v solves OM e BC =0 and thereby concludes that |b|=|c|.

v similarly uses ON e AC =0 and thereby concludes that |a|=|c| so deduces that
the three vectors all have the same magnitudes

See next page



MARKING KEY 8 MATHEMATICS: SPECIALIST 3C/3D
CALCULATOR-FREE

(c) If P is the midpoint of side 4B, show that 0_1)J is perpendicular to A_B) . (3 marks)

Solution

— 1
OP =—(a + b).
2( )

O—Poﬂ:%(a+b)o(a—b)= %[lalz—lblz] =0,

~OP is perpendicular to BA

Specific behaviours

v expressesO—P interms ofaand b
v’ expresses dot product of OPand BA intermsofaand b
v' shows that the above dot product equals zero

See next page
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Question 5 (11 marks)

A mining drill moves through a cross-section of rock such that its coordinates x and y satisfy:

de . dy .
di =-2sIn¢, di = —63sIn 2¢

where x and y are measured in metres and 7 is the time expressed in minutes.
Initially x =2 and y = 3.

o dy ™
(@) Determine dx when ¢ = 6 - (2 marks)

Solution

Now & _ & dt _—6sin2t
dx dt dx —2sint
V3

. T
p 3s1n(3) 3( 2 J
When t:E then Y _ =3\/§.

“aly) [}

Specific behaviours

v'uses chain rule correctly
v' evaluates derivative at the specified time

(b) Determine the position of the drillwhen =7 . (3 marks)

Solution
Integrating the differential equations gives x=2cost and y=3co0s2fon applying the

initial conditions.
When f = x it follows that x=-2 and y=3.

Specific behaviours
v' determines expression for x in terms of ¢
v' determines expression for y in terms of ¢
v' determines x and y at the required time

See next page



MARKING KEY 10 MATHEMATICS: SPECIALIST 3C/3D

(c)

(d)

CALCULATOR-FREE

Determine the Cartesian equation of the path of the drill. (8 marks)

Solution

y=3c0s2t=3(2cos’ 1-1)

A

Specific behaviours

v’ uses trig identity for cos 2¢

X
v' replaces cos ¢ with 5

v’ expresses y in terms of x correctly

Sketch the path of the drill. Label clearly the points on the path corresponding to the two
timesf=0and7=rx. (3 marks)

Solution

Specific behaviours

v gives a neat sketch of the parabola
clearly labels points (-2, 3) when ¢ = and (2, 3) when =0
v indicates that the parabola does not extend outside the interval -2 <x <2

<\

See next page
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Question 6

MATHEMATICS: SPECIALIST 3C/3D

(7 marks)

Describe geometrically the set of points r = (x, y, z) that satisfy each of the following vector
equations in which a denotes a non-zero constant vector.

@ Ir—al=3

(2 marks)
Solution
Sphere with centre a and radius of 3 units
Specific behaviours
v' recognises that the shape is a sphere
v'correctly identifies the centre and radius of the sphere
(b) (r—a)ea=0 (2 marks)

Solution
Plane with a normal parallel to a and passing through the point with position vector a.
Specific behaviours
v' identifies the locus as a plane

v'characterises the plane completely; i.e. specifies a point on the plane and the
direction of the normal

(c) (r—a)er=90 (3 marks)

Solution
A sphere with the origin and point with position vector a opposite ends of a diameter.

Equivalently, the position vector of the centre of the sphere is % and its radius is H.

Specific behaviours
v" notes that the points lie on a sphere

v'v' characterises the location of the sphere properly; e.g. specifies centre and radius
or identifies a diameter of the sphere

See next page



MARKING KEY 12 MATHEMATICS: SPECIALIST 3C/3D
CALCULATOR-FREE
Question 7 (5 marks)

(@) A square matrix is said to be singular if it has no inverse.

. |cos72° sin18°|
Show that the matrix X = Lin 72° cos 18°] is singular. (2 marks)
Solution
det X =cos72°cos18° —sin18°sin72°
- cos(72° +18°)
=¢0s90° =0

Specific behaviours
v' writes down correct expression for the determinant
v’ uses trigonometric identity to show that determinant is zero

(b) Let 4 be any square matrix such that 4°> = 0.
Prove by contradiction that A must be singular. (3 marks)

Solution

Suppose that 4 has an inverse A such that A4 =1
Multiply each side of A=0 by

AP =40

A2 =0

multiply again

Ata? =40

A=0

A4 =0

contradiction

.. A does not have an inverse

Specific behaviours
v' supposes that 4 has an inverse
v deduces that 4°=00or4 =0
v"concludes that 4 cannot have an inverse

End of questions
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